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In this communication we present together four distinct techniques for the study of electronic
structure of solids : the tight-binding linear muffin-tin orbitals (TB-LMTO), the real space and
augmented space recursions and the modified exchange-correlation. Using this we investigate the
effect of random vacancies on the electronic properties of the carbon hexagonal allotrope, graphene,
and the non-hexagonal allotrope, planar T graphene. We have inserted random vacancies at differ-
ent concentrations, to simulate disorder in pristine graphene and planar T graphene sheets. The
resulting disorder, both on-site (diagonal disorder) as well as in the hopping integrals (off-diagonal
disorder), introduces sharp peaks in the vicinity of the Dirac point built up from localized states
for both hexagonal and non-hexagonal structures. These peaks become resonances with increasing
vacancy concentration. We find that in presence of vacancies, graphene-like linear dispersion ap-
pears in planar T graphene and the cross points form a loop in the first Brillouin zone similar to
buckled T graphene that originates from pi and pi* bands without regular hexagonal symmetry. We
also calculate the single-particle relaxation time, τ(~q) of ~q labeled quantum electronic states which
originates from scattering due to presence of vacancies, causing quantum level broadening. .
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2I. INTRODUCTION
Graphenes are allotropes of carbon forming almost planar, one atom thick sheets. The carbon atoms in graphene are
arranged in a two-dimensional (2D)1 honeycomb lattice, and are the building blocks of many multi-functional nano-
materials. Ever since its discovery there has been keen interest in graphene not only because of its unconventional low-
energy behavior : half-integer Hall effect, ultra-high electron mobility, low resistivity, ballistic electronic conductivity
and massless carriers2, but also because of its potential technological applications3 -7. The unique properties of
graphene arise from its linear dispersion around the Dirac point. This is attributed to the crossing of pi and pi∗ bands
at the K and K ′ points of the Fermi energy level in the reciprocal space. The opposite cones at the K point in the band
structure arise from the graphene’s hexagonal crystal symmetry. In trying to justify its Dirac-like massless excitations
many authors have used the relativistic Dirac equation to study graphene. However, given that carbon has atomic
number six, the average speed of excitations near the Fermi level is far less than the speed of light and direct relativistic
effects are unlikely. The phenomenon of linear dispersion can arise from the geometry of its ion-core arrangement.
There can be no significant relativistic corrections in carbon. The Dirac point and linear dispersion can be obtained
from a standard Schro¨dinger equation using a transparent real space approach. It has been conjectured that this
behavior is a result of the real space hexagonal symmetry of the ion-core lattice. However, even this conjecture is
doubtful. Enyashin and Ivanovskii8 constructed 12 artificial 2D carbon networks varying hybridizations among the
carbon atoms. He also examined their stability and electronic structures. They found that Dirac fermions can exist
in strained graphene without a regular hexagonal symmetry8 -10. T graphene with its tetra and octa rings is an
example of this8. This allotrope composed of a periodic array of tetragonal and octagonal (4,8) carbon rings can be
produced by cleaving two adjacent atomic layers in a body-centred cubic C8 or trigonal C4 along the (001) direction.
T graphene is energetically metastable and dynamically stable10.
We should note that a minor local modification in graphene can lead to the formation of a T graphene nucleus. This
is shown in Fig.??. If we remove two neighboring carbon atoms and re-bond the dangling bonds so produced, then
a minor relaxation leads to a topological defect which forms the seed of T graphene. Such topological “impurities”
stretch over more than sixteen sites. Liu etal10 have proposed two new stable forms of a 2D tetra-symmetrical carbon
allotrope: planar T graphene and buckled T graphene. They have reported that buckled T graphene has Dirac-like
fermions due to its two types of non-equivalent bonds. The crossing of pi and pi* bands forms a loop with tetra
symmetry in the Brillouin zone. Planar T graphene is metallic though it has pi and pi* bands near the Fermi level,
which in agreement with the previous reports10,11 -13. Crossing pi and pi* bands are not sufficient conditions to produce
linear dispersion relation near the Fermi surface. Planar T graphene has one sublattice in a unit cell whereas, buckled
T graphene has two, like graphene. These characteristics in buckled T graphene are believed to be another important
factor for inducing linear dispersion near Fermi surface. Buckled and planar T graphenes have comparable formation
energies but the latter is thermodynamically more stable below around T=900 K10. From a fully relaxed calculation
and simple bonding arguments, Kim etal11 have shown that buckled T graphene cannot be distinguished from the
planar one. This indicates that buckled T graphene is not stable even at high temparatures and it gains stability
under spontaneous structural transformation into the planar T graphene. Buckled T graphene has similar structure
to that of planar T graphene except two adjacent square lattices are tilted, one in the upward z-direction and the
other in the downwards z-direction. The z-range is about 0.55 A˚. Several phenomena such as T graphene-substrate
interaction, absorption of molecules and doping, changes the planar T graphene’s behavior from metallic to a Dirac
dispersion character at room temperatures. C.S Liu etal13 have demonstrated that Lithium decorated T graphene
becomes a feasible nanosensor and exhibits high sensitivity to carbon monoxide without hexagonal symmetry like
pristine graphene.
The aim of this communication will be to use a combination of the tight-binding linear muffin-tin orbitals method
and the real space and the augmented space recursion methods to try to answer the questions raised. The TB-LMTO
augmented space recursion (ASR) allows us to study the effects of geometry, chemistry and disorder. This will be the
focus in this paper.
A. Dealing with disorder
Disorder is ubiquitous in graphene and graphene like materials. The existence of these defects suggest the possibility
of magnetic moments and their ordering in graphene. These localized electronic states at zigzag edges and vacancies
leads to an extreme enhancement of the spin polarizability14 -16. The model calculations suggest that the magnetic
moments will form in the vicinity of these defects. Disorder causes the energy bands to gain width related to the
disorder induced quasi-particle relaxation time τ(~q)17 -22. Theoretically, randomness (disorder) is introduced through
an external parameter. In a super-cell approach, the complex part in energy usually not calculated but given “by
3hand” just like a external parameter to introduce disorder. An alternative approach is through mean-field theories,
the most successful among which is the coherent potential approximation (CPA). But CPA is a single site formalism
and any kind of multi-site correlated randomness or extended defects cannot be addressed by it. This brings us
to the third approach. This problem can be dealt with, within the hierarchy of the generalizations of the CPA
such as nonlocal CPA23, the special quasirandom structures (SQSs)24, the locally self consistent multiple scattering
approach (LSMS)25, and few other successful approaches such as the traveling cluster approximation (TCA)26, the
itinerant coherent potential approximation (ICPA)27 and the tight binding linear muffin-tin orbitals (TB-LMTO)
based augmented space recursion technique (ASR)17 -22. Over the years, the ASR has proved to be one of the most
powerful techniques, which can accurately take into account the effects of correlated fluctuations arising out of the
disorder in the local environment. The CPA, the non-local CPA, the itinerant CPA (ICPA) and the traveling cluster
approximation (TCA) are all special cases derivable from the augmented space formalism (ASF). The formalism also
allows us to account for various types of scattering mechanisms in a parameter-free way.
In this work, we address the effect of random vacancies28 -29 on the electronic properties of graphene and planar
T graphene. The calculation of average density of states (ADOS) in both graphene and T graphene with binary
alloy disorder (vacancies) by the recursion method reveals the presence of resonant peaks at the Dirac point29. The
shapes and positions of the resonant peaks essentially depend on the impurity concentration and the on-site potential.
We have also carried out a study on the spectral properties and energy band dispersion of both hexagonal and
non hexagonal carbon allotropes with and without vacancies. We have calculated disorder induced single-particle
relaxation times (τ(~q)) from the self-energy30,31 due to scattering from vacancies.
Disorder poses another problem. For example, to study a disordered binary alloy, the experimentalist works on one
macroscopic sample and not 2N possible random configurations. The equality of spatial and configuration averaging
under specific conditions is known as the theorem of spatial ergodicity22. The augmented space formalism assumes
at the outset that spatial ergodicity holds for the disordered system under consideration. We shall also assume that
spatial ergodicity holds in the systems that are under study.
As an example, we shall begin with the simplest model : the atoms in our solid sit on a geometric perfect lattice,
but the lattice points are occupied by two types of atoms A and B. This bulk alloy has concentrations of A and B as
x and 1− x. The Hamiltonian is :
H =
∑
~RL
[
εALm~R + ε
B
L (1−m~R)
]
P~R,L +
∑
~RL
∑
~R′ 6=~R,L′
[
∆ALm~R + ∆
B
L (1−m~R)
]
S~RL,~R′L′ . . .[
∆ALm~R′ + ∆
B
L (1−m~R′)
]
T~RL,~R′L′
=
∑
~RL
[
εBL + δεL m~R
]
P~R,L +
∑
~RL
∑
~R′ 6=~R,L′
[
∆BL + δ∆L m~R)
]
S~RL,~R′L′ . . .[
∆BL + δ∆L m~R′)
]
T~RL,~R′L′
= HB +
∑
~RL
δεL m~RP~R,L +
∑
~RL
∑
~R′ 6=~R,L′
[
∆BLS~RL,~R′L′δ∆L m~R′+ . . .
. . . δ∆L m~RS~RL,~R′L′∆
B
L + δ∆L S~RL,~R′L′δ∆L m~Rm~R′
]
T~RL,~R′L′
= HB + δH[{m~R}] (1)
The m~R randomly take the values 1 or 0 according to whether the site
~R is occupied by A or B type of atom with
probability x or y = 1− x.
The augmented space formalism now adopts ideas from the theory of measurements. With each measurement Mk
we associate an operator Mk ∈ Φk such that the actual measured results are the eigenvalues of Mk : {mkµ} and its
spectral density is their probability density. The process of measurement then can be described as projection of an
unknown configuration state to an eigenstate of Mk. These eigenstates span the ‘configuration space’ Φk. Using the
recursion method in the space Φk we generate a basis {|θkn〉} in which the representation of Mk is a Jacobian matrix.
4|θk1 〉 the choice of the initial state is open
|θk2 〉 = Mk|θk1 〉 − α1|θk1 〉
|θkn〉 = Mk|θkn−1〉 − αn−1|θkn−1〉 − β2n−1|θkn−2〉
with
αn = 〈θkn|Mk|θkn〉 βn = 〈θkn|Mk|θkn−1〉 (2)
The augmented space theorem17−21 tells us that the configuration average of any functional of a set {mk} (k=1,2. . .
) is
 F({mk})= 〈Θ1|F˜(M˜k})|Θ1〉 (3)
where, if F∈ Ψ, then F˜({M˜k}) ∈ Ψ⊗∏⊗Φk and |Θ1〉 = ∏⊗ |θk1 〉. The augmented operator F˜ is constructed by
simply replacing the random variable mk by the operator M˜k and taking the matrix element in the ‘average’ state
|Θ1〉.
For a set of independent binary random variables {mk} taking values 0 and 1 with probablities x and y = 1 − x,
corresponding operator Mk is of rank 2 and has a Jacobi representation :
Mk ∈ Φk =
(
x
√
xy√
xy y
)
(4)
The rank of the ‘configuration space’ Φ =
∏⊗
Φk is 2N as it should. M˜k = I ⊗ I . . . ⊗Mk ⊗ . . . and the ‘average
state’ |Θ1〉 =
∏⊗ |θk1 〉
The augmented Hamiltonian is :
H˜ =
∑
L
〈L〉
∑
~R
Iˆ
~R ⊗P~RL +
∑
L
δL
∑
~R
M̂
~R ⊗P~RL + . . .
. . .
∑
~RL
∑
~R′ 6=~R,L′
[
〈∆L〉S~RL,~R′L′〈∆L〉
]
I˜⊗T~RL,~R′L′ + . . .
. . .
∑
~RL
∑
~R′ 6=~R,L′
[
δ∆LS~RL,~R′L′〈∆L′〉
]
Iˆ
~R′ ⊗ M̂~R ⊗T~RL,~R′L′ +
. . .
∑
~RL
∑
~R′ 6=~R,L′
[
〈∆L〉S~RL,~R′L′δ∆L′
]
M̂
~R′ ⊗ Iˆ~R ⊗T~RL,~R′L′ +
. . .
∑
~RL
∑
~R′ 6=~R,L′
[
δ∆LS~RL,~R′L′δ∆L′
]
M̂
~R ⊗ M̂~R′ ⊗T~RL,~R′L′ (5)
The configuration averaged Green function is given by :
 G~RL,~RL(z)= 〈~RL⊗Θ1|(zI˜− H˜)−1|~RL⊗Θ1〉 (6)
This can be obtained through the recursion method starting from a state : |~RL⊗Θ1〉. The relevant approximation
is the terminator (after N steps) which is obtained from the behavior of {αn, βn} n ≤ N .
The augmented space technique allows us to go beyond the local mean field theories like the coherent potential
approximation and describes the extended disorder like short-ranged clustering or ordering as well as long-ranged
disorder like randomly placed Stone-Wales defect chains forming in a graphene background as shown Fig.??. Formation
of such long-ranged random defects have been observed by Monte-Carlo simulations in our group32 -33 and will be
5reported in detail in a subsequent communication. Moreover, if the atomic sizes of the alloy constituents are very
different, chemical disorder can also lead to local random lattice distortion. In an earlier work, we had shown how the
ASR can deal with systems with local structural disorder in non-isochoric CuBe alloys34. The aim of this work is not
only a qualitative description of how disorder affects electronic properties, but to be able to predict quantitatively
what this effect leads to.
Both graphene and T graphene are two-dimensional networks of carbon atoms, with two and four non-equivalent
carbon per unit cell respectively. This is clearly depicted in Fig.??. The space group of graphene is P6/mmm with
lattice constant 2.46 A˚ whereas, planar T graphene has space group p4mm with lattice constant 3.42 A˚. There are
many different ways of producing disordered graphene including both intrinsic as well as extrinsic. Intrinsic ways may
include surface ripples and topological defects. Extrinsic disorder comes in the form of vacancies, adatoms, quenched
substitutional atoms, and extended defects, such as edges and cracks, produced on irradiation of graphene. Such
disorder can considerably modify system’s properties35 -39. In this context available experimental data support the
theoretical views . Here we create vacancies by randomly removing carbon atoms from the lattice.
The augmented space formalism (ASF) was introduced by Mookerjee21 to deal configuration averages for disordered
systems. It has been well known that the effect of disorder fluctuations is dominant at lower dimensions where mean-
field approaches are inaccurate. When we are dealing with planar disordered graphene-like systems we have to perform
the configuration averaging in an efficient way. Augmented space recursion technique (ASR) provides a powerful and
accurate tool for studying disorder averaging22.
In this work we have used augmented space formalism (ASF)17 -20 combined with the recursion technique of Haydock
etal40 -41. The recursion method41 is a purely real space approach for the study of systems where Blo¨ch periodicity
fails. It is an ideal method, through the local density of states, to study extended defects like a random nucleation of
a 4-8 graphene ring in a pristene graphene background. The augmented space method accurately describes effects of
local disorder beyond mean field theories.
Mathematically, a new, countable, orthonormal basis set |n is generated in which the augmented Hamiltonian is
tridiagonal and is constructed through a three term recurrence formula :
|1 =
√
1
N
∑
~R
exp{i~q · ~R} |~R⊗ {∅} 
|n+ 1 = H˜|n −αn|n −β2n−1|n− 1
αn =
 n|H˜|n
 n|n , β
2
n =
 n|n
 n− 1|n− 1
This leads to :
 G(~q, z)= 1
z − α1 − β
2
2
z − α2 − β
2
3
. . .
z − αN − β2N+1T (z)
(7)
Notice that while in a single configuration, there is no lattice translation symmetry in the Hamiltonian, if disorder is
uniform, then the full augmented space does. We can therefore talk about a configuration averaged spectral function.
A(~q, z) = − 1
pi
=m G(~q, z)
(8)
Here  ... indicates a configurational averaged quantity in case of a disordered systems.
6The problem in any numerical calculation is that we can deal with only a finite number of operations. In the
recursion algorithm, we can go up to a finite number of steps and if we stop the recursion at that point, it would lead
to exactly what we wish to avoid in the super-cell technique. The analysis of the asymptotic part of the continued
fraction is therefore of prime interest to us. This is the “termination” procedure discussed by Haydock and Nex42,
Luchini and Nex43 , Beer and Pettifor44 and in considerable detail by Viswanath and Mu¨ller45 -48. This terminator
T (z) which accurately describes the far environment, must maintain the herglotz analytical properties. We have to
incorporate not only the singularities at the band edges, but also those lying on the compact spectrum of H. The
nature of the terminators is deduced from the way in which the recursion coefficients {αn, βn} behave as n→∞ and
the known singularities of the spectral density. The asymptotic behavior is deduced from the information obtained
from the finite calculations and no artificial periodicity or external smoothenings are required. The parameters of
the terminator are estimated from the asymptotic part of the continued fraction coefficients calculated from our
recursion. We had carried out thirty recursion steps for both graphene and T graphene. For the asymptotic part we
have used the Viswanath-Mu¨ller termination appropriate for infra-red divergences. In this way both the near and
the far environments are accurately taken into account. The real part of the self-energy is an energy shift due to the
disorder, and the imaginary part provides the life-time effects.
FIG. 1. (Color online) Dyson Equation because of disorder scattering. G is the single particle Green function, Σ is the electron
self energy of the coupled electron-impurity system .
Feynman scattering diagrammatic approach we can obtain a Dyson equation as shown in Fig.1.
 G(z) = g(z) + g(z)Σ(z) G(z)
Σ(z) = g−1(z)−  G(z)−1 = ΣR(z)− iΣI(z) (9)
Here g(z) is the Green function for the system without disorder ∆ = 0. ΣI(~q,E) is the disorder induced smearing
30
of a ~q labelled quantum state with energy E(~q). These lifetimes have been experimentally measured both in photonic
and Raman spectroscopy where a similar phenomenon is observed in phonons.
We choose the symmetric Γ-K (Armchair) direction i.e. C < 10 > rather than Γ-M (Zigzag) direction i.e. C <
11 > of graphene and Γ − X and Γ −M direction of planar T graphene10,49 -50 for carrying out recursion. For a
random representation of carbon with vacancies the Hamiltonian was derived self-consistently from the DFT-self-
consistent tight-binding linear muffin-tin orbitals augmented space recursion (TB-LMTO-ASR) package developed by
our group51 -53. In the next step, Nth Order Muffin Tin Orbital (NMTO) method was used to construct the low-
energy Hamiltonian. The Hamiltonian is consisted with only active C-pz states of both graphene. The NMTO method
carries out massive downfolding starting from the all-orbital local density approximation (LDA) calculation. This
energy selection procedure enables a down-folded Hamiltonian defined in the basis of a minimal set of active orbitals.
The off-diagonal elements t(R) are shown in the Table I. Please note that the overlap decays with distance. In this
work we have truncated at the nearest neighbour distances. The results agree quite well with the same calculations
using other techniques : like the pseudo-potentials (PP) or linear augmented space (LAPW). As our calculational
technique is not common, this check with standard results in limiting cases (here, without disorder) was essential. We
have used the Cambridge Recursion Library to accurately locate the band edges and hence constructed the necessary
terminator for each angular momentum projected continued fraction. All the calculations are done at T=0K.
7(eV) ε t(χ1) t(χ2) t(χ3)
-0.291 -2.544 0.1668 -0.1586
TABLE I. Tight-binding parameters of Hamiltonian generated by NMTO. χn refer to the n-th nearest neighbour vector on the
lattice.
II. RESULTS AND DISCUSSION
A. Electronic structure of ordered graphene and planar T graphene
FIG. 2. (Color Online) The density of states (DOS) and band structure (BS) of (a) graphene and (b) planar T graphene. The
Fermi level is set to 0 eV. The linear dispersion appears due to the crossing of two opposite cones at K point in the band
structure (BS) in graphene whereas planar T graphene is metallic.
Attempts at changing the electronic and magnetic properties of graphene lead to difficulties in maintaining materials
stability. Random vacancies lead to extrinsic type of disorder that we have used here. To understand the effects of
random vacancies in graphene and planar T graphene systems, we first perform band structure and density of states
calculations in the ordered systems. First principles calculations were performed on DFT-based tight binding linear
muffin tin orbitals (TB-LMTO) within local spin density approximation (LSDA) using von Barth and Hedin (vBH)
exchange-correlation functional54. The ~q-space integration was carried out with the Monkhorst-Pack method for
the generation of special ~q points in the Brillouin zone. We started our calculation by the relaxation of graphene
structure, by minimizing the total energy with respect to the lattice constant. The relaxed lattice constant came to
2.46 A˚ and the C-C bond length to 1.42A˚. These are in good agreement with ref55. To avoid the interactions between
two adjacent monolayer graphenes, a vacuum space in Z axis of 15A˚ was chosen in our numerical simulations. The
calculated electronic band structure (BS) along high symmetric Γ−K−M −Γ direction and density of states (DOS)
for pure graphene are as shown in left panel of Fig.2. The density of states combines conduction band and valence
band forming Dirac point at Fermi level, which are mainly due to the pi and pi* bonding of pz states. For such a sp
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bonded structure, the σ bond is responsible for the formation of the underlying framework. The remaining pz orbital
which is roughly vertical to the tetra or hexa-rings, binds covalently with each other and forms pi and pi* bands. These
pi and pi* are believed to induce the linear dispersion relation at the K point near the Fermi surface leading to its
‘semi-metallic’ behavior. As a result, graphene is a zero-gap semiconductor. In Dirac points the effective mass is equal
to zero and the carrier mobility in graphene theoretically diverges. J. H. Chen etal reported experimentally Carrier
mobility in graphene is to be as high as 10000056. The results of DFT-based TB-LMTO band structure (BS) and
density of states (DOS) for pure planar T graphene are shown in right panel of Fig 2. The contribution of pz states is
dominating in total density of states (TDOS) of planar T graphene like that of graphene. The calculated electronic
band structure (BS) is along high symmetric Γ−X−M −Γ direction for both systems. The linear dispersion appears
8at Dirac point for graphene. Whereas for planar T graphene, the pi and pi* does not induce linear dispersion at Fermi
level and hence, the band structure becomes metal-like.
B. Electronic structure of graphene and planar T graphene with random vacancies
FIG. 3. (Color Online) Configuration averaged total density of states (TDOS) for (a) graphene and (b) T graphene from real
space ASR technique. Dirac peak broadens with increasing disorder strength (vacancies)
We have used augmented real space (ASR) technique to obtain the configuration averaged density of states (ADOS)
for disordered systems. We have 1% and 10% vacancy concentration both in graphene and planar T graphene. The
total density of states (TDOS) of graphene and planar T graphene are depicted in Fig 3. Disorder induces the
formation of the localized states at the Dirac point for both graphene and T graphene. These localized states get
wider with increasing vacancy concentration. The density of states near Dirac point is enhanced due to broadening of
the single particle states. If we examine the band edges, we note that whenever there is periodicity at any scale at all,
the band edges are sharp and quadratic. Long range disorder leads to band tailing. This disorder induced band tailing
has been known for decades and it would be interesting to examine if the tail states are localized or not. In fact, local
density of states (LDOS) for the interacting system57,58 can be used in generalized inverse participation ratio (GIPR)
to test the signature of localization of the states. It is well known that the single particle wave functions59 are normally
used for non-interacting system to compute this GIPR . Again periodicity at whatever scale leads to structure in the
DOS. This is smoothed out by the disorder scattering that induces complex ‘self-energy’. Occasionally practitioners
of super-cell techniques introduce an artificial imaginary part to the energy. This smoothes these structures too, but
the procedure is entirely ad hoc. ASR leads to an energy dependent self-energy (Σ(~q)) systematically. This same Σ(~q)
broadens the infra-red divergences at the Dirac point.
C. Effect of random vacancies on the spectral function of graphene and planar T graphene
We have calculated the configuration averaged spectral function A(~q, ω) for a selection of different wave vectors ~q
varying from 0.0 to 0.8. Spectral functions are along the symmetric Γ−K direction for graphene with 10 % vacancy
concentation and Γ − X direction for that of T graphene with 1% to 11% vacancy concentrations. Disorder has a
large impact on electronic structure including asymmetries in spectral properties as well as in the band structures. In
absence of disorder, the spectral function is a bunch of Dirac delta functions. It widens to a Lorenzian with increasing
disorder strength. For graphene with random vacancies, the spectral intensity of A(~q, ω) is low at ~q = 0.0A˚−1 i.e. at Γ
point, and increases with increasing ~q. This is made clear by observing the peaks located at ~q = 0.0 A˚−1 and 0.6 A˚−1
as shown in Fig 4. The spectral intensity A(~q, ω) is highest at the Dirac point i.e. at K(0.0,0.8) point. Whereas for T
graphene with 10% vacancies, spectral intensity is highest at ~q = 0.2 A˚−1 i.e. at Λ(0.0,0.21) point between Γ−X. If
we slowly increase vacancy concentration, at 11% the spectral intensity of Λ(0.0,0.21) point decreases as shown in Fig
5. These peak positions are shifted to lower energies and exhibit noticeable broadening with increasing wave vector
9FIG. 4. (Color Online) Configuration averaged spectral function of graphene with 10% vacancy. Wave vector ~q ranges from
-0.8 to 0.8 in the first brillouin zone along the symmetric Γ −K direction from ASR technique in reciprocal space.
~q captured by our method. If we increase the disorder concentration the spectral function A(~q, ω) is found to have
double peak structure due to scattering induced resonance modes60, which is reported previously by our group61.
D. Effect of random vacancies on the dispersion curves of graphene and planar T graphene :
We have obtained the band dispersions by identifying the peak positions of the spectral function A(~q, ω) along high
symmetric directions in reciprocal space62 -65 for graphene and T graphene with random vacancies. The calculated
dispersion of the pi - pi∗ bands for both graphene and T graphene with random vacancies, is displayed in Fig 6.
For T graphene, Dirac-like band dispersion is obtained with 10% vacancy concentration. However, we focus on 10%
vacancies for both structures. Both systems show linear dispersion above the Fermi level. Such asymmetries can
be believed as a tendency of more scattering to occur near the resonance energies. The pz branches of graphene
show the typical cusp like behavior at the K point leading to its ‘semi-metallic’ behavior, whereas the Dirac cusp
in T graphene is spread out around Γ point in reciprocal space. This is also reflected in the TDOS of the two
materials. For both disordered graphene and T graphene, the Fermi level is away from the charge neutral Dirac
point (taken to be the energy zero) depicted clearly in Fig.6. Graphene shows linear dispersion at K points near the
Fermi level whereas, disordered T graphene shows the linear dispersion around Γ point near the Fermi level and forms
a loop with tetra-symmetry in Brillouin zone. The two cross points located at asymmetric positions, Λ(0.0,0.21)
between X and Γ and Ξ(0.145,0.145) between Γ and M in reciprocal space as shown in Fig 7. Yu Liu etal have
reported previously the Λ(0.0,0.249) and Ξ(0.17,0.17) points for buckled T graphene in their communication10. The
linear dispersion relation near the Fermi level indicates that carriers in T graphene with random vacancies should be
massless and have a Dirac fermionic character like graphene. For such a sp2 bonded structure, it could be graphene
or T graphene, the σ bond is responsible for the formation of the underlying framework. The remaining pz orbital,
which is roughly vertical to the tetra or hexa-rings, binds covalently with each other and forms pi and pi* bands.
These pi and pi* are believed to induce the linear dispersion relation near the Fermi surface. So the emergence of
Dirac-like fermions in T graphene is due to pi and pi* bands, which is similar to that of graphene. Experimentally
it is observed that low-buckled Silicene has a similar band structure and Dirac-like fermions with regular hexagonal
symmetry66 -67. Our recent study shows that Dirac fermions can persist in the T graphene without a regular hexagonal
symmetry. Experimental investigations predict the dynamic stability and less distortions free formation of T graphene
comparing over graphene68. Kotakoski and co-workers69, Lahiri and co-workers70 have experimentally obtained such
a 1D carbon structure consisting alternately of carbon tetrarings (C4) and octarings (C8). Physically, it is well khown
that symmetry breaking or small alteration in structure leads to drastic changes in properties in many compounds.
We anticipate that introducing random vacancies, as described above, leads to rippling in planar T graphene. This
changes the behavior of planar T graphene and linear dispersion appears to be similar to that of buckled T graphene.
E. Disorder induced relaxation times of graphene and planar T graphene :
Disorder (vacancy) in graphene and T graphene leads to two distinct momentum relaxation times ; the transport
relaxation time and the quantum lifetime or the single-particle relaxation time. Our recent study does not take into
account the transport relaxation time, we only calculate the single-particle relaxation time τ(~q). From a many body
theory, the single particle relaxation time τ(~q) is calculated from the electron self energy of the coupled electron-
impurity system. We obtain disorder induced lifetime τ(~q) of a ~q labelled quantum state from the fourier transform
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FIG. 5. (Color Online) Configuration averaged spectral function for T graphene with (a) 1%, (b) 5%, (c) 10%, (d) 11%
vacancies. Here the wave vector ~q is varying from -0.8 to 0.8 in the first brillouin zone along the symmetric Γ −X direction.
The spectral intensity is strongly peaked at Λ(0.0,0.21) point between Γ −X for 10% vacancy.
of the configuration averaged self energy function. Finally, in Fig.8 we show our calculated single particle relaxation
time τ(~q) as a function of ~q (A˚
−1
) in the first brillouin zone for both graphene and T graphene. The relaxing modes
or patterns are labelled by ~q, such that the average ‘size’ of the mode is O(q−1). We define the lifetime τ(~q) as the
time in which the disordered induced self energy amplitude drops to its 1/e value. We note that Log τ(~q) decreases
almost linearly with increasing the wave vector ~q. Previously it is reported that for short ranged scatterers with which
we are dealing here, the ratio of the scattering time to the single particle relaxation time is always smaller than 271.
In experiment, the ratio of the transport time to the single particle time has been found to be smaller than 1 in Si-
MOSFET-systems. Thus, in Si-MOSFET-system, the short-ranged scattering (such as interface roughness scattering)
dominates. To date, most experimental studies have focused on the transport scattering time. Both the single particle
11
FIG. 6. (Color Online) pi - pi∗ band structure (BS) near the Fermi level in the first brillouin zone for both (a) graphene and
(b) and (c) planar T graphene with 10% vacancy. It is obtained by following the peak-finding process described65 in the text.
With 10% vacancy concentration, T graphene induces dirac dispersion like graphene. The Fermi energy EF is at 0 eV.
FIG. 7. (Color Online) The band dispersion for both graphene (left) and planar T graphene (right) with 10% vacancy. Graphene
has linear dispersion at k points and for T graphene, it is spread out like a loop centered at Γ. The loop (blue line) is formed
by the crossing points : Λ and Ξ in the first Brillouin zone (green line). The Fermi energy EF is not at 0 eV.
relaxation time and transport scattering time are important for carrier mobilities (µ ) in 2D graphene like systems.
This ratio of two types of scattering time is needed for describing scattering mechanism in such 2D systems. It is
important to note that the single particle relaxation time τ(~q) is accessible to neutron scattering experiments.
12
FIG. 8. (Color Online) Single particle relaxation time with 10% vacancy for graphene and T graphene in the first brillouin
Zone. Relaxing modes are labelled by different wave vector q (A˚
−1
).
III. CONCLUSION
In conclusion, we have systematically studied the effect of disorder (random vacancies) on pristine graphene and
planar T graphene from both real and reciprocal space approaches. We have also proposed a new approach using
augmented space (ASR) technique for handling disorder without any external parameter fitting in the the complex
part of energy. This will help to get disorder induced lifetimes for the study of other disorder related effects in 2D
materials. The single particle relaxation time τ(~q) has been obtained from the broadening of quantum states due to
disorder. This study will guide us to understand the nature of disordered scattering in graphene and T graphene. We
also examine the energy band dispersion and the density of states for these two subtances. The density of states get
enhanced near the Dirac point due to broadening of the single particle states for both structures. Graphene like linear
dispersion is appeared in planar T graphene in the vacancy concentration range very close to 10%. We should note
that no honeycomb structure is needed to produce Dirac point-like dispersion. In nano-technological application, the
synthesis of two dimensional structures containing carbon tetrarings (C4) and octarings (C8) by defect engineering
play an important role. Up to now the effects of disorder in planar T graphene has not been well studied. We conclude
by emphasizing that our theoretical study will provide a reference and detailed useful insight for building interesting
nano materials72 -73 based on 2D carbon allotropes without hexagonal symmetry.
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